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Chapter I. They form a D-algebra -that is, a D-module with a ring structure. Appearing in a very natural fashion, this ring possesses quite a rich structure and the very numerous questions it raises allow a thorough exploration of commutative algebra.
Here is the first book entirely devoted to this topic. The idea of writing such a monograph arose at a meeting on Integer-valued Polynomials held in December 1990 at the C.I.R.M. (Centre International de Rencontres Mathematiques), Marseilles, Prance. The project was launched and took shape while we taught an intensive course on this topic for advanced students at La Sapienza in Roma, upon the invitation of Marco Fontana in April and May 1993. The book was finished while the first author (in alphabetical order) was in the U.S.A., first at Charlotte (NC), where he was invited by Evan Houston, and then at Tallahassee (FL), upon the invitation of Robert Gilmer. In Florida the second author came for a short but very profitable visit, and a graduate course was also offered; this proved to be quite useful in the editing process.
We thank all those here named, and many others, for their support. Especially, we thank Robert Gilmer for his very numerous and very useful comments.
May 1996
Paul-Jean Cahen and Jean-Luc Chabert Tallahassee, Paris
Historical Introduction
For all positive integers x and n, the binomial coefficient (*) is clearly an integer, hence the polynomial (*) = ----~j-~n + is integer-valued, although its coefficients are not in Z. In fact, it seems to have been known from quite an early date that every integer-valued polynomial is a linear combination, with coefficients in Z, of the polynomials ( n ). Indeed, they appeared as early as the seventeenth century in interpolation formulae: linear interpolation failed sometimes to provide accurate approximations, and Isaac Newton was one of the first mathematicians to use finite differences to tabulate square and cubic roots. The corresponding formula was given for the first time by James Gregory in a letter to John Collins dated 23 where the finite differences A fc /(0) are defined as follows:
It expresses the interpolation of a function / at equidistant points 0, ft,..., nft. This formula is similar to the Taylor-MacLaurin expansion and is currently known as the Gregory-Newton interpolation formula. However, as early as the beginning of the seventeenth century, Thomas Harriot had developed it with n equal to 5, and Henry Briggs had used it to tabulate his logarithms.
In particular, if / is a polynomial with degree n and ft is taken as unit, then:
It is clear that if the polynomial / takes integral values at integers, then the expressions A /c /(0) are integers, and conversely, since the polynomials (*) are integer-valued.
Nevertheless, the polynomials (*) were then only tools to compute tables. It was only in 1919 that two papers by Georg Polya and Alexander Ostrowski, both titled "Uber ganzwertige Polynome in algebraischen Zahlkorpern" (On integervalued polynomials in algebraic number fields), considered integer-valued polynomials in their own right, seemingly following suggestions of A. Hurwitz. (One may point out that Polya was actually interested in entire functions that take integral values on the integers.)
Polya and Ostrowski considered the integer-valued polynomials on an algebraic number field K, that is, the polynomials f(X), with coefficients in K, which take integral values on integers of K (for instance, the polynomial \ +~^ , with coefficients in the quadratic field Q[z], is such that its value on every Gaussian integer, that is, on every element of the ring Z[i], is a Gaussian integer).
Clearly the set of integer-valued polynomials in K is a module over the ring of integers of K, and one may ask if it has a basis as a D-module, as it occurs for K -Q. More precisely, Polya raised the question of whether there is regular basis, that is, a sequence of integer-valued polynomials {/&} such that deg(/^) = k and each integer-valued polynomial with degree n may be written in the form: where the coefficients ak are integers and bk is given by the formula
In 1955, Nicolaas G. de Bruijn characterized in a similar way integer-valued polynomials /, all of whose finite divided differences of first order are also integervalued: the coefficient bk is now replaced by the least common multiple of {1,2,... ,&}. Then, in 1959, Leonard Carlitz extended De Bruijn's results to integer-valued polynomials whose finite divided differences of order i, 1 < i < n, are integer-valued. He proved that integer-valued polynomials whose finite divided differences of all orders are integer-valued are the same as integer-valued polynomials whose derivatives of all orders are integer-valued.
In this book we present various studies on integer-valued polynomials that have been developed in the last quarter century. Thus, we end this brief historical review and turn next to a short survey of the topics covered in this monograph, using the tools of commutative algebra.
ttber ganzwertige Polynome in algebraischen ZahlkOrpern.
Von Herrn Oeorg P6lya in Zurich. This latter assumption is one of the restrictive hypotheses we are going to consider. Sometimes, we will need only a slightly weaker assumption: we let D be unibranched, that is, its integral closure is a local ring. And throughout, we encounter one or the other of these two hypotheses. Nevertheless, most results are simpler if we even restrict ourselves to a rank-one discrete valuation domain. We often deal with this particular situation first, and then determine under which hypotheses our results are still valid.
Man nennt das
Although Int(Z) is not Noetherian, thus not a Dedekind domain, it is a twodimensional Priifer domain. If, in particular, Z p is the ring of p-adic integers, then Int(Zp) provides a nice counterexample: it is a completely integrally closed two-dimensional Priifer domain that is not an intersection of rank-one valuation domains. More generally, we characterize the domains D (among which are the rings of integers of a finite algebraic number field) such that lnt(D) is a Priifer domain.
In a similar vein as the property that Skolem established for Int(Z), we also study the relation between an ideal / of Int(Z)) and its ideals of values 1(a) = {f( a ) I / € /}. Among many other results, we obtain an integral version of the Hilbert Nullstellensatz: if I is finitely generated and if g is a polynomial such that g(a) belongs to 1(a) for each a in JD, then g belongs to the radical of /.
Recall that the Picard group of a domain is the class group of its invertible fractional ideals. We study the invertible ideals of Int(D). In the local case (when D is unibranched) we show that the classes of the finitely generated prime ideals generate the Picard group.
We also extend the studies of De Bruijn, Straus and Carlitz concerning derivatives and finite divided differences.
The studies alluded to before may also be considered for integer-valued rational functions. This is essentially done in the local case, since otherwise an integer-valued rational function is frequently a polynomial.
Finally, we shall consider integer-valued polynomials and rational functions in several indeterminates.
Conventions and Notation
R denotes a commutative ring with unity element. D denotes an infinite integral domain with quotient field K. S~lD denotes the quotient ring of D with respect to a multiplicative subset 5. V denotes a valuation domain.
Z( p ) is the localization of Z with respect to the prime ideal (p). Z p is the ring of p-adic integers.
¥ q is the finite field with q elements. P denotes the set of prime numbers.
Ac B means AC B and A ^ B. R is an overring of D means D C R C K.
If not specified, -a local ring is not necessarily Noetherian, -an ideal is an integral ideal, -a discrete valuation is a rank-one discrete valuation, -almost all means all but finitely many.
At the end of the book, the reader will find an index, with, in regard of each entry, the number of the page where the corresponding term is defined. For the sake of completeness, some classical definitions are recalled in the course of the text; they are recorded in the index. 
